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Abstract— In any global method of searching for roots and
poles, increasing the number of samples increases the chances
of finding them precisely in a given area. However, the global
complex roots and poles finding algorithm (GRPF) (as one of
the few) has direct control over the accuracy of the results.
In addition, this algorithm has a simple condition for finding
all roots and poles in a given area: it only requires a sufficiently
dense initial grid. However, in practice, this requirement may
turn out to be very difficult to implement. For a complex and
sophisticated function, the use of a regular high-density mesh may
be ineffective or even impossible due to limited computational
resources. In this article, a method for creating a self-adaptive
initial mesh for this algorithm is presented. The proposed solution
uses gradient calculation to identify areas that require mesh
refinement, including areas where a zero and a pole are in close
proximity. The adaptive mesh allows for faster and more accurate
analysis of functions with a much smaller number of samples.
As shown in the numerical examples, this approach reduces the
number of function calls by several orders of magnitude, and
thus significantly reduces the computational time.

Index Terms— Complex zeros and poles, graphene, numerical
computations, root finding algorithm, roots of complex equation,
self-adaptive mesh, zero/pole analysis of microwave filters.

I. INTRODUCTION

MOST of the electromagnetic problems regarding guid-
ing and resonant structures or radiation and propaga-

tion phenomena are formulated in a complex domain. Such
notation simplifies the analysis and the interpretation of the
involved parameters: propagation coefficient [1], [2], [3],
[4], [5], [6], resonance frequencies [7], [8], antenna input
impedance [9], material characterization [10], and so on. The
evaluation of these parameters often boils down to finding a
complex root of a specific function, which evaluation may
require various computer resources. The problem of complex
root calculation can also be found in many other fields
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of science such as elementary particles physics [11], solv-
ing nonlinear Schrodinger equation [12], spectroscopy [13],
acoustics [14], optics [15], [16], and automatic stability analy-
sis [17].

There are many algorithms that search for the roots (zeros)
and poles (singularities) of complex functions: local algo-
rithms such as Newton’s [18], Muller’s method [19], tracking
techniques [20], [21], [22], [23], and a lot of global meth-
ods [16], [24], [25], [26], [27]. They differ in application,
efficiency, and effectiveness, and each of them has its own
limitations. Local algorithms, as well as tracking algorithms,
require preliminary knowledge of the root location. Most of
the global algorithms are based on the Cauchy argument
principle (CAP), i.e., an integral over the boundary of the area
in which the zeros are searched for. Since the 1960s, a lot
of different algorithms involving CAP were developed [28].
However, a problem arises when there are the same number
of zeros and poles inside the considered domain and, as a
result, it is indistinguishable from the absence of zeros and
poles. On the other hand, one of the most effective tools
for decades, the ratdisk algorithm [26], and its modification
the adaptive Antoulas–Anderson (AAA) algorithm [29], use
rational interpolation. Nevertheless, these methods and the
CAP methods do not control the accuracy of the results:
increasing the number of samples does not have a clear effect
on the accuracy of the results, as shown in [30]. The algorithm
also provides artificial zero-pole solutions (Froissart doublets)
which require extra verification.

Recently, the global complex roots and poles finding algo-
rithm (GRPF) [30] with its modification [31] based on function
probing over the considered domain [32] has gained great pop-
ularity [1], [2], [10], [11], [13], [14], [33], [34], [35]. Unlike
other algorithms based on CAP and rational interpolation,
GRPF (despite its numerical complexity) is very universal and
allows for having full control over the precision of the results
obtained. The main limitation of this algorithm is the initial
mesh, which is uniform with a given number of nodes where
the values of the function are determined. However, the correct
selection of nodes in the initial mesh requires preliminary
analyses, and, as with all algorithms, it is difficult to guarantee
that all roots and poles are found.

In 2018, Michalski [36] proposed a variation of algo-
rithms [21], [22], [30], [32], based on tracking changes in the
sign of the real and imaginary parts of a function. However,
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the problem remains in the areas where the zeros and poles
are close to each other (the so-called “islands”), which the
algorithm is unable to find. These “islands” are difficult to
trace and to locate with CAP-based integral methods.

In this article, we propose a procedure for creating a
self-adaptive initial mesh that is the starting point for the
GRPF algorithm. As in the previous GRPF algorithm, the user
specifies the search domain � ⊂ C, the expected precision of
the results δ, and the number of function discretization points
N in the initial mesh. Generally, a higher number of points
reduces the risk of missing zeros or poles. We demonstrate
that the proposed procedure makes it possible to determine
the zeros and poles with the number of nodes N smaller by
several orders of magnitude than in the case of the uniform
mesh applied in the regular GRPF [30]. The reduction of the
number of function calls has a direct impact on the speed
and efficiency of the algorithm, especially with more complex
functions (e.g., numerically determined). This allows the user
to perform a faster, more accurate, and more in-depth analysis
of the problem under investigation.

II. FORMULATION

Before discussing the method of creating a self-adaptive
mesh, it is worth briefly recalling the principle of the GRPF
algorithm and its limitations.

A. GRPF and Its Limitation

The starting point for the GRPF algorithm [30] and its
improved version [31] is the discretization of the tested
function f (z) in the user-defined domain � ⊂ C using an
even mesh consisting of N nodes zn ∈ �. At this point,
only the phase of the function φ at these vertices is analyzed:
f (zn) = fn = | fn|e jφn (the function can be normalized with
respect to the modulus). The division of the domain into
triangular elements and the definition of edges are based on
Delaunay triangulation [32].

Subsequently, the function phase is digitized to four levels

Qn =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1, 0 ≤ φn < π/2

2, π/2 ≤ φn < π

3, π ≤ φn < 3π/2

4, 3π/2 ≤ φn < 2π

(1)

and the phase shift along all edges is analyzed. A new node is
added in the middle of the candidate edges, i.e., those along
which the phase change exceeds two quadrants. At this point,
the procedure requires the calculation of the function values
and the modification of the triangulation. In the next steps, the
mesh consequently becomes denser around the areas where
the zeros or poles are located up to accuracy δ (as assumed
by the user). In the last stage, the candidate regions are
verified – based on the discretized version of the CAP [37],
[38], the nature of the area is determined, whether it is a zero
or a pole, and of which order. Also, during the mesh refinement
process, mesh conditioning is verified: if a triangle is formed
with a disproportionately large side (“skinny”), an extra point
is added on the longest edge of the triangle to improve mesh
quality [39], [40].

Fig. 1. Phase portrait of the function (2) for ε = 0.01. The white curves
represent isophases.

The condition for GRPF to find all zeros and poles is,
in theory, simple and unambiguous: a sufficiently dense initial
mesh must be utilized, i.e., for N → ∞, all zeros and poles
can be determined. However, in practice, implementing this
assumption is very difficult, especially when there are zero-
pole pairs (“islands”) located in the area under consideration.
Unfortunately, functions of this type often occur in microwave
problems: filters [36], guides [30], and resonators [41]. If the
initial mesh does not have candidate edges in a given area, the
mesh refinement process does not start, and thus the algorithm
will not detect a zero or a pole in this area.

Fig. 1 shows a phase portrait of an example function

f (z) = (z − za)(z − zb − ε)

(z − zc)(z − zb + ε)

za = 1

2
−

√
3

6
j, zb =

√
3

3
j, zc = −1

2
−

√
3

6
j. (2)

The function has two single zeros in za and in zb +ε, and two
poles in zc and zb − ε. Thus, in the vicinity of zb, a zero-pole
pair (“island”) is formed. The points za , zb, and zc are the
vertices of an equilateral triangle with the side length a = 1
and its center at the origin of the coordinate system.

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination. 

Authorized licensed use limited to: Anhui Normal University. Downloaded on February 25,2023 at 05:42:12 UTC from IEEE Xplore.  Restrictions apply. 



DZIEDZIEWICZ et al.: SELF-ADAPTIVE MESH GENERATOR FOR GLOBAL COMPLEX ROOTS AND POLES FINDING ALGORITHM 3

Fig. 2. Initial mesh triangulation of the function (2) with N = 104 points for
ε = 0.01. Two candidate regions are detected (bold magenta lines represent
the candidate edges).

Fig. 3. Initial mesh triangulation of the function (2) with N = 3038 points for
ε = 0.01. Three candidate regions are detected (bold magenta lines represent
the candidate edges).

Figs. 2 and 3 show images of a uniformly discretized
mesh used in the standard GRPF algorithm with two different
discretizations. If we apply an initial discretization with N =
104 nodes to function (2) (see Fig. 2), only two candidate
regions will be detected: around the zero in za and the pole
in zc, while the “island” around zb will not be located.
The mesh refinement process will focus only on za and zc.
Ultimately, the GRPF algorithm will locate only these two
points with the given accuracy δ, while the zero-pole pair will
be omitted in the analysis. GRPF can find this pair, but it
requires discretization of the assumed domain using a much
larger number of samples: N = 3038 (see Fig. 3).

In general, it seems impossible to establish the sampling
density a priori for an arbitrary function. For example, if ε
was reduced to 0.001, the number of samples needed to find
the “island” would be in the order of one million, and for
ε = 0.00001, the number of samples would have to increase
to 10 billion. In special cases, the algorithm is able to detect
the “island” even with an extremely small number of nodes,
but it is a matter of chance related to the fortunate arrangement
of the mesh nodes (sometimes it is enough to slightly change
the size of the investigated domain or slightly move it).

In conclusion, observing only the value of the too poorly
sampled function, as in Fig. 2, does not provide an indication
that there may be a zero-pole pair in the region around zb.
Standard CAP-based integral methods also fail because the
phase around the “island” varies slightly and the CAP integral
is set to zero [37], [38].

B. Generation of a Self-Adaptive Mesh

In this article, we propose a self-adaptive generator for
creating a triangular mesh that automatically refines around
suspicious regions. The basis of operation for the presented
algorithm is the analysis of the behavior of isophases (curves
representing a constant level of the function phase; see Fig. 1)
in the domain under consideration – in particular, the study of
the density and curvature of the isophases.

Let us consider any mesh for which the phase value of the
investigated function in its nodes is known. On each triangle
ABC , the phase increments along each side are analyzed:
�φAB = φB − φA, �φBC = φC − φB , and �φC A = φA − φC .
According to CAP, if there are no zeros or poles in the triangle,
the sum of the phase increments along the circumference is
zero [30], [37], [38]. When there is a zero within the triangle,
the phase increment is 2π (or its multiple in the case of
multiple zeros). Similarly, for the poles and their multiplicity,
it is −2π and a multiple, respectively. However, when the
zero-pole pair is found in the triangular region, the sum of the
phases is also zero. Therefore, if the mesh is too sparse, finding
the “islands” becomes unlikely. Important conclusions can be
drawn, however, by examining not only the phase changes
along the edges but also the phase gradient over the entire
triangular element. Fig. 4 shows the function (2) sampled
using the same number of points N = 104 as in Fig. 2.
As noted above, such a discretization is sufficient to find the
zero in za and the pole in zb but too sparse to find the zero-
pole pair. However, if we determine an approximate phase
gradient representing the direction of the fastest phase growth
�gn (see Appendix A) for each of the elements, it can be easily
noticed that the area around the zb also distinguishes itself –
the black arrows in Fig. 4 show normalized phase gradients
of the function. The change of the direction of a gradient in
adjacent elements is directly related to a change in the density
or curvature of isophases.

It should be noted here that phase gradients can be uniquely
determined only for those triangles in which the phases sum
to zero on the perimeter. When this condition is not met (e.g.,
when there is a candidate edge on the perimeter), the gradient
cannot be determined unambiguously, and we assign to it the
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Fig. 4. Initial mesh triangulation of the function (2) with N = 104 points
for ε = 0.01, and arrows representing the average gradients on each mesh
element.

zero vector. The angle between the phase gradients for two
adjacent triangles can be determined for each inner edge in
the mesh (while this angle is assumed to be zero for the edge
from the domain boundary)

αm = �
{�gn1, �gn2

}
. (3)

This angle goes to zero in areas where the phase changes
slightly, suggesting the absence of zeros and poles. The closer
an edge is to a zero or a pole, the greater the discrepancy
between the gradients and the greater the angle between them.
One might assume that the edges with the greatest angle should
be divided in the next steps. However, such an approach would
result in an intensive refinement only in the area found first
around the zero or the pole, since these angles become larger
the closer we are to zero/pole. The algorithm might not start
exploring other areas of the domain.

In the presented approach, we propose that, when refining
the mesh, in addition to the angle at each edge, we also take
into account its length. Thus, let us define an indicator that
determines the risk of a zero or pole occurring in the vicinity
of a given edge, as the product of the mentioned angle and
the logarithm of the length normalized to the current mesh
resolution

Im = αm · log

(
dm

D

)
(4)

where length D represents the minimum length of an edge in
the current mesh (ultimately D → δ). This indicator tends to
zero when the angle between the gradients tends to zero or
when the edge length is reduced to D.

The proposed process of creating a self-adaptive mesh
consists of iteratively searching for edges with the highest
indicators and dividing them in half – adding new nodes to the
mesh. In this way, in subsequent iterations, we will create a
mesh adapted to the specific variability of the function. We can

TABLE I

MINIMUM NUMBER OF NODES REQUIRED BY GRPF WITH REGULAR
INITIAL MESH [30] AND ADAPTIVE INITIAL MESH TO FIND ALL ZEROS

AND POLES (INCLUDING “ISLANDS” OF ε SIZE) WITH THE GIVEN

PRECISION δ . (THE NUMBER OF NODES OF THE INITIAL MESH

IS GIVEN IN BRACKETS). (a) GRPF WITH REGULAR INI-
TIAL MESH. (b) GRPF WITH ADAPTIVE INITIAL MESH

start from any mesh (including a regular one) and refine it
adaptively in the subsequent steps. It is worth noting that a few
points should be enough to start the procedure, e.g., defining
the boundary of the domain (e.g., four points for a square or
rectangular domain).

The curvature of the isophases along the divided edges is
also analyzed in each step of the process. If a new node zM is
added to the mesh in the center of the edge based on the nodes
z A and zB , the value of the function f (zM) = fM = | fM |e jφM

is evaluated at this point. One can easily check whether the
phase of the function in the new node is within the range of
the phases determined by the phases at the ends of the edge.
If the condition

min{φA, φB} ≤ φM ≤ max{φA, φB} (5)

is not met, the isophases along the edge intersect the edge at
least twice – see Fig. 5(b). In this case, it is necessary to further
refine this area. For this reason, in the next iteration, all edges
attached to node zM (for which the (5) condition is not met)
will be split in half by adding extra nodes. Moreover, in the
process, as in standard GRPF, the edges with a phase change
exceeding two quarters (candidate edges) and the longest edges
in triangles with highly disproportional sides (skinny) are also
split in half in each iteration to improve the mesh conditioning.

In summary, the adaptive mesh generation algorithm can be
presented in the following steps (see also Fig. 6).

1) At the beginning of the process, the user:
a) sets the analyzed domain � (points delineating the

boundary of the domain – standard four points for
a rectangular domain);

b) defines the accuracy with which the results δ are
to be determined (similar to the standard GRPF
algorithm);

c) gives the number of nodes (number of function
calls) N that will be used to create the initial mesh.

2) The values of the function at the new mesh nodes are
calculated (in particular, the phase of the function) and
Delaunay triangulation is performed.

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination. 

Authorized licensed use limited to: Anhui Normal University. Downloaded on February 25,2023 at 05:42:12 UTC from IEEE Xplore.  Restrictions apply. 



DZIEDZIEWICZ et al.: SELF-ADAPTIVE MESH GENERATOR FOR GLOBAL COMPLEX ROOTS AND POLES FINDING ALGORITHM 5

Fig. 5. Isophases along the divided edge: (a) condition (5) is met and
(b) condition (5) is not met.

3) The candidate edges (with a double quadrant change)
and the edges on which the (5) condition is not met
(it does not occur in the first iteration) are determined.

4) For each new nth element (triangle), the gradient of
the phase �gn is determined, and based on this, the Im

indicator is determined for each mth edge.
5) Edges that will be halved to densify the adaptive mesh

are selected. This set includes all edges from point 3 and
extra edges from point 4. The edges chosen from point
4 are the edges with the highest indicator in an amount
equal to the number of edges from point 3. In the case
of a zero indicator, the decisive factor is the length, and
if there are no edges in point 3, at least one from point
4 is chosen.

6) The mesh is analyzed in search of skinny triangles, and
the longest edges in a given element are split in half.

7) If the total number of nodes in the mesh does not exceed
the assumed N , then new nodes are added to the mesh
in the middle of the edges determined in points 5 and
6 and the algorithm returns to point 2.

It is worth noting here that the imposed value of N does not
have to represent the termination condition of the adaptation

process. This article uses this option as a reference to the
even distribution of mesh nodes used in [30]. Alternatively,
in subsequent iterations, the level of indicator In and the
number of new nodes not satisfying condition (5) can be
analyzed. The adaptation process can therefore be completed
(regardless of the imposed number of N nodes) when no
more points appear in successive iterations that do not meet
condition (5) and the indicator values in the analyzed areas
drop below the assumed level. The whole process can also
be carried out interactively, where the user observes the mesh
refinement on an ongoing basis and allows or rejects the next
iteration. The proposed approach seems to be much more
convenient than the one described in [30], as it does not require
multiple repetitions of the algorithm for increasingly denser
meshes.

Fig. 6 shows the steps of creating an adaptive mesh for
the discussed function (2) for ε = 0.01. Table I(a) and (b)
summarize the number of nodes N sufficient to find all zeros
and poles in the function (2) depending on the ε parameter and
the final precision δ of GRPF algorithm. As can be seen, for
large “islands”, the benefit of using an adaptive mesh is small,
but for a smaller ε, the number of nodes in the adaptive mesh
may be even 10 000 times smaller than for a regular mesh.

III. NUMERICAL RESULTS

This section provides some practical examples of using
the self-adaptive mesh generator. It has been shown that,
with closely located zeros/poles, the benefits of using the
proposed approach can be enormous. When the zeros/poles
are separated and evenly distributed within the domain, the
use of an adaptive grid is unnecessary and its effectiveness is
similar to the use of a uniform grid. However, it is difficult
to a priori determine the distribution of zeros/poles for an
arbitrary function, so regardless of the variant, it is more
advantageous to use the presented adaptive algorithm.

A. Dual-Band Cross-Coupled Eighth-Order Microwave Filter

As the first numerical example, the transfer function of the
microwave filter defined by the coupling matrix in [42] was
investigated. Such an analysis was also carried out in [36], as a
troublesome case, where an “island” appeared, which was a
limitation for that algorithm.

The research involved the function describing the scattering
parameter of the filter

S11(z) = 1 + 2 j [M − jR + zIN ]−1
11 (6)

where all the parameters are defined in [36] and z = σ + jω.
The area of � = {z ∈ C : −0.4 < Re(z) < 0.2 ∧ 0 <
Im(z) < 1.2}, with the “island”, was analyzed (the function is
symmetrical to ω, so only ω ≥ 0 was considered). The zeros
and poles founded are listed below:

1) roots

z(1) = 0.000000000 + 0.720326852 j

z(2) = 0.000000000 + 0.961957568 j

z(3) = 0.000000000 + 0.491541700 j

z(4) = −0.000000000 + 0.407949595 j
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Fig. 6. Iterative process of self-adaptive mesh generation for function
(2) with δ = 0.001, ε = 0.01. (a)–(f) chosen steps of the process,
(g) and (h) magnifications of the “island” areas in steps (e) and (f),
respectively.

2) and poles

z(5) = −0.128689969 + 0.408634135 j

z(6) = −0.324725457 + 0.702182823 j

z(7) = −0.167916222 + 1.095438413 j

z(8) = −0.022514110 + 0.378089723 j.

As can be seen in Table II, the number of points required
for analysis is similar for both methods – the adaptive
mesh required 1262 calls, while the regular mesh required
1435 calls. This is mainly due to the fact that the “island”
size is not small in relation to the size of the computational
domain �. However, it is worth pointing out that finding all

TABLE II

MINIMUM NUMBER OF NODES REQUIRED BY GRPF WITH A REGULAR
INITIAL MESH [30] AND ADAPTIVE INITIAL MESH TO FIND ALL ZEROS

AND POLES WITH THE PRECISION δ FOR A DUAL-BAND CROSS-
COUPLED EIGHTH-ORDER MICROWAVE FILTER. THE NUMBER

OF NODES OF THE INITIAL MESH IS GIVEN IN BRACKETS

Fig. 7. Initial mesh (δ = 0.001) for dual-band cross-coupled eighth-order
microwave filter example: (a) regular and (b) adaptive.

zeros and poles with the use of the minimal regular mesh [30]
required a series of tests with different densities. The use of a
sparser mesh, than the one shown in Fig. 7(a), will not ensure
that all zeros and poles in this region are found. In the adaptive
approach, the user can observe the mesh in subsequent steps
and reduce or increase N if necessary. Additionally, as can
be seen in Fig. 7(b), there are shorter edges in the crucial
areas than in the areas with smaller function changes, which
may speed up the execution of the next steps of the GRPF
algorithm.

B. Fabry–Perot Open Resonator

The second example is a Fabry–Perot open resonator
(FPOR) that is widely used to determine the parameters
of dielectric materials [41]. The resonator comprised two
mirrors – one planar and one spherical – and a dielectric
sample that was located between them. The structure was
divided into three parts described by individual scattering
matrices, which were calculated with the use of a hybrid
approach involving mode-matching and the finite element
method.
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The problem boils down to solving the following equation:
det(I − SP (z)SR(z)) = 0 (7)

where z represents a resonant frequency, SP is a scattering
matrix of the planar mirror, SR is a cascade of the first and
the second sections’ scattering matrices, and I is an identity
matrix [41]. By incorporating a lossy material as a dielectric
sample into the analysis, the resonant frequency becomes a
complex number.

The investigated structure had the following dimensions:
radius of the spherical mirror R = 150 mm, distance between
the planar mirror and the farthest point of the spherical mirror
D = 100 mm, and aperture diameter of the spherical mirror
Dap = 200 mm. The center point of the sample was located
at a distance of ds = 9.6 mm from the planar mirror, and
the sample parameters were as follows: relative permittivity
εr = 5 − 10 j and the width of the sample was 2 mm. The
length of the mirror section analyzed with the finite element
method was 40 mm and the number of elements was 4365.

Due to the assumed losses, the search region for the resonant
frequency must have involved a positive imaginary part: � =
{z ∈ C : 20 · 109 < Re(z) < 20.5 · 109 ∧ 0.05 · 109 < Im(z) <
0.55 · 109}. The following roots and poles were found in the
considered area:

1) eleven single roots

z(1) = 20.007761298 · 109 + 0.204952543 j · 109

z(2) = 20.021725063 · 109 + 0.082217697 j · 109

z(3) = 20.053612145 · 109 + 0.255719944 j · 109

z(4) = 20.107273419 · 109 + 0.112345937 j · 109

z(5) = 20.146603314 · 109 + 0.226088719 j · 109

z(6) = 20.214322143 · 109 + 0.253186318 j · 109

z(7) = 20.241271881 · 109 + 0.161733798 j · 109

z(8) = 20.349966603 · 109 + 0.111563764 j · 109

z(9) = 20.437490478 · 109 + 0.092512809 j · 109

z(10) = 20.477526173 · 109 + 0.251887051 j · 109

z(11) = 20.499250678 · 109 + 0.220886005 j · 109

2) an additional single root (see the right-hand side of
Fig. 8)

z(12) = 20.200693325 · 109 + 0.480861643 j · 109

3) and an additional pole (see the right-hand side of Fig. 8)

z(13) = 20.203665927 · 109 + 0.479927477 j · 109.

The analysis was carried out for three different accuracies, and
the efficiency of the processes is presented in Table III and in
Fig. 8. The self-adaptive approach requires almost 20 times
fewer nodes to find all zeros and poles of the function (7) in
the considered region �.

C. Graphene Transmission Line

For the last example, a graphene transmission line was
considered [43] (the same example was analyzed in [30] using
a regular mesh). The structure comprised a thin graphene layer

TABLE III

NUMBER OF NODES REQUIRED BY GRPF WITH REGULAR INITIAL
MESH [30] AND ADAPTIVE INITIAL MESH TO FIND ZEROS AND POLES

WITH THE GIVEN PRECISION δ FOR FPOR. THE NUMBER OF

NODES OF THE INITIAL MESH IS GIVEN IN BRACKETS

Fig. 8. Initial mesh (δ = 0.001) for FPOR example: (a) regular and
(b) adaptive.

TABLE IV

NUMBER OF NODES REQUIRED BY GRPF WITH REGULAR INITIAL

MESH [30] AND ADAPTIVE INITIAL MESH TO FIND ZEROS AND POLES

WITH THE GIVEN PRECISION δ FOR GRAPHENE TRANSMISSION
LINE. THE NUMBER OF NODES OF THE INITIAL MESH IS GIVEN

IN BRACKETS

deposited and a silicone substrate. The normalized propagation
coefficient z, for the TM modes, can be found using the
following equation:

f (z) = εr1

η0

√
εr1 + z2

+ εr2

η0

√
εr2 + z2

+ [
σlo − z2k2

0(αsd + βsd)
]

(8)

where all parameters are defined in [30]. The same region
� = {z ∈ C : −100 < Re(z) < 400 ∧ −100 < Im(z) < 400}
was considered and the pointwise product of four Riemann
sheets of the function (8) was analyzed [44].

The problem was solved for various accuracies δ and the
results are presented in Table IV and in Fig. 9. The roots and
poles obtained for the function in � are:
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Fig. 9. Initial mesh (δ = 0.001) for graphene transmission line example:
(a) regular and (b) adaptive.

1) eight single roots also found in [30]

z(1) = −32.101962251 − 27.430861936 j

z(2) = 32.101962251 + 27.430861936 j

z(3) = −38.177725314 − 32.529521045 j

z(4) = 38.177725314 − 32.529521045 j

z(5) = 332.744888929 + 282.243079954 j

z(6) = 336.220287339 + 285.191091014 j

z(7) = 368.439467216 + 312.522078059 j

z(8) = 371.007570834 + 314.700407677 j

2) and two poles of second order also found in [30]

z(9) = 0.000000000 − 3.449637662 j

z(10) = −0.000000000 + 3.449637662 j

3) additional single roots (see Fig. 9)

z(11) = −0.003206780 − 0.964810358 j

z(12) = 0.003206780 + 0.964810358 j

z(13) = −0.004526720 + 0.955901829 j

z(14) = 0.004526720 − 0.955901829 j

4) and additional poles (see Fig. 9)

z(15) = −0.000000000 − 1.000000000 j

z(16) = −0.000000000 + 1.000000000 j.

Due to the use of an adaptive mesh, the algorithm detected
two additional zeros and two additional poles in the area under
consideration, which were omitted in [30] using a regular
mesh. This is not surprising, as it would require the use of a
regular mesh with more than four billion nodes. The adaptive
mesh needed hundreds of thousands of times fewer nodes.

In some cases, alternative root finding methods provide
results faster and with less computer resources. For instance,
in the first numerical example, accurate results can be obtained
using less than 100 points with the use of AAA [29], while
the proposed approach requires more than 1000 points. In this
case, the function under consideration is rational and well
suited for rational approximation (used in AAA). However,
in other cases such as the second and third example, the AAA
algorithm does not produce the reliable results. Despite the
use of a large number of points on the domain boundary and
the decomposition of the domain into smaller subregions, only
some of the correct zeros/poles were found and many artificial
results were produced.

IV. CONCLUSION

In the article, we presented a method for creating a self-
adaptive initial mesh for the GRPF algorithm. The proposed
technique has low numerical complexity and, as a result, the
total computation time depends on the analyzed function,
and thus consists mainly of the number of function calls.
As can be seen from the presented numerical examples, such
an approach can significantly reduce the number of nodes
(function calls) in the initial mesh and thus the analysis time.
In simple examples, where the zeros/poles are well separated,
the benefits of utilizing the adaptive mesh are insignificant,
but in the case of zeros/poles located close to each other, the
efficiency of the algorithm may increase by several orders of
magnitude. In summary, the adaptive mesh allows for a faster
and more accurate analysis of functions, a good example of
which is the graphene transmission line, where the application
of the proposed method reduced the necessary number of
samples by 250 000 times.

APPENDIX A
GRADIENT CALCULATIONS

Let us consider a single (nth) triangle of the discretization
mesh where function values are calculated in its three vertices
z A = x A + j yA, zB = xB + j yB, and zC = xC + j yC , as shown
in Fig. 10. Differences between phases of the function values
along the triangle edges are denoted as �φζ , where ζ belong
to {AB, BC, C A}. Thus �φAB is the difference between the
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Fig. 10. Average gradient vector �gn defined for nth single mesh element.

phase of f (zB) and f (z A), and so on. The phase in the triangle
can be approximated by a plane function

φ = ax + by + c (9)

where a, b, and c are unknown coefficients. The phase gradient
(in 2-D) can be expressed by

�gn = [a, b] (10)

and the constant c is not involved – only the increase in phase
is meaningful (its exact value is actually ambiguous). Let us
assume that the A is the reference point and the phases in
points B and C are as follows: φB = φA + �φAB and φC =
φA+�φac = φA−�φC A . Substituting �φζ and the coordinates
of the vertices, we obtain the following system of equations:⎧⎪⎨

⎪⎩
φA = ax A + byA + c

φA + �φAB = axB + byB + c

φA + �φac = axC + byC + c.

(11)

If we determine c from the first equation, we can obtain the
gradient from a matrix equation[

xB − x A yB − yA

xC − x A yC − yA

][
a
b

]
=

[
�φAB

�φac

]
. (12)

It should be emphasized here that the determination of
the gradient is possible only when the phase of the function
changes along the successive sides add up to zero

�φAB + �φBC + �φC A = 0. (13)

Otherwise, for example, when there is a zero or a pole inside
the triangle, the sum is +2π or −2π , and the gradient cannot
be uniquely determined (e.g., the candidate regions in Fig. 4).

APPENDIX B
SOURCE CODE

The source code for the self-adaptive mesh generator can
be found at: https://github.com/PioKow/SAGRPF, and it is
licensed under the MIT License.
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