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Multi-modality Learning for Non-rigid 3D Shape
Retrieval via Structured Sparsity Regularizations
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Abstract— Big challenges are usually occurring in non-rigid 3D shape retrieval, for the shapes undergoing arbitrarily
non-affine transformations. In this work, a novel design of feature learning approach is proposed for non-rigid 3D shape
retrieval, dubbed Structured Sparsity Regularized Multi-Modality Method (SSR-MM). The shape signatures which capture
the deformation-invariant characteristics are averaged and stacked for a multi-modality machine learning approach, and
a transform matrix based on the structure sparsity regularization is utilized to map those signatures obtaining the
discriminative features for retrieval. The proposed framework is evaluated on the publicly available non-rigid 3D human
benchmarks, and the experimental results show the efficacy of our contributions and the advantages of our method over
existing ones.

Index Terms— 3D shape retrieval, multi-modality learning, non-rigid shapes

I. INTRODUCTION

AS an effective way to describe the physical objects,
3D shape representations are burgeoning in a variety

of fields, such as computer vision, geometry processing,
and shape analysis [29], [38]. Among the broad range of
applications, 3D shape retrieval is one of the most important
tasks aiming to seek a set of shapes similar to given query
in dataset. For past decades, enormous attention has been
paid to the retrieval task, including for rigid shapes and non-
rigid shapes. Different from the rigid shapes, which cannot be
pushed to make another shape, retrieving 3D non-rigid shapes
is particularly challenging for there is a certain degree of
flexibility coming from the natural properties. That is to say, all
kinds of deformations of a non-rigid 3D shape yield different
shapes that look dissimilar. Fortunately, although a non-rigid
3D shape can assume abound of variant forms via isometric
deformations, the intrinsic geometry of shape is preserved
among the variants. Thereby, the key to understanding the 3D
non-rigid shapes is being able to analyze their characteristics
and describe their behavior [5].

To this end, it is desirable to derive the deformation invari-
ant component which characterizes the object by remaining
consistent with deformations. As a result, similarity between
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Fig. 1. Examples of the non-rigid 3D shapes from the SHREC dataset.

shapes is considered as an effective criterion by identifying
the attributions of deformation. Meanwhile, as an essential
clue for the retrieval task, the similarity between shapes also
plays a crucial role in 3D shape semantic learning. Comparing
similarity between shapes can be paraphrased as a problem of
looking for a quantitative measure of “distance” between two
shapes [5]. Under such a metric, the shapes can be considered
similar when the distance is small. This inspires us to resort to
an efficient shape descriptor, which is evaluated by “distance”,
to capture the informative features of 3D shapes and keep
invariant to isometric transformations or topological noises.

In this work, we are motivated to develop a retrieval
solution for the 3D non-rigid shapes by leveraging appropriate
shape descriptors being invariant under isometric transfor-
mations. Following the analyzing framework of multi-modal
learning [33], we identify factors critical to the objective by
obtaining a mapping to project the shape descriptors to the
transformed space, where similar shapes with short distances
are clustered together, and different shapes are dispersed
farther in light of long distances. To implement the motiva-
tion, we propose the Structured Sparsity Regularized Multi-
Modality Method (SSR-MM), which leverages the stacked and
averaged shape signatures by multi-modality machine learning
and obtains the discriminative features by the weight matrix
with structured sparsity regularizations. The ablation studies
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Fig. 2. The framework of the proposed SSR-MM method: a collection of labeled 3D shapes, spectral point descriptors, weighted average shape
signatures, and multimodal feature learning with structure sparsity regularizations.

are conducted to confirm the efficacy of our novel designs.
Comparative experiments with existing methods show the
quantitative and qualitative advantages of our method in terms
of acquiring discriminative features for effective retrieval.

The rest of this paper is organized as follows. The related
works and basics of involved methods are briefly introduced in
section II. The proposed method, Structured Sparsity Regular-
ized Multi-Modality feature learning (SSR-MM) for 3D shape
retrieval is explained in detail in section III. The experiments
and analysis are discussed in section IV, and the whole study
is remarked in section V.

II. RELATED WORKS

A. Non-rigid 3D Shape Descriptors

For the tasks of 3D shape retrieval and the other 3D shape
analysis, various machine learning methods are developed to
learn the optimal point descriptors [8], [9], [11], [19], [25],
[35], [37]. For example, Bag-of-features (BoF) assigns the
point descriptors to the nearest cluster center by K-means
clustering and encodes the shapes as the histogram over the
visual vocabulary constructed by the cluster centers [4]. The
Geodesic-Aware Bags of Features (GA-BoF) uses a geodesic
exponential kernel to substitute the heat kernel in the Spatially
Sensitive Bags of Features (SS-BoF) for 3D shape repre-
sentation [7]. A supervised learning method is introduced to
generate the sparse representations for 3D shapes by obtaining
Bag-of-features (BoF) signatures via a dictionary of point
descriptors [18]. Spectral Graph Wavelets (SGW) constructs
a global descriptor by aggregating mid-level features, which
are obtained by embedding local descriptors from the spectral
graph wavelet transform, resulting in a matrix representation
describing the frequency of appearance of nearby codewords
in the vocabulary [20]. A multi-stage feature learning scheme

is developed to learn high-level shape features from mid-level
features, which are generated via the BoF model measuring the
spatial relationship between each pair of the BoF descriptors
based on the SGW [13]. However, BoF series methods suffer
from high computational costs, preventing them to apply to
the large-scale dataset.

Meanwhile, a couple of shape descriptors based on the
spectral-geometric methods for non-rigid 3D shape retrieval
are prosperous [17]. Shape-DNA is one of the global shape
descriptors defined on the entire 3D shape based on the
Laplace-Beltrami operator (LBO), which utilizes a truncated
sequence of eigenvalues as numerical signatures for a given
shape [24]. Shape-DNA realizes to recognize the 3D shapes in
different poses but struggles to distinguish the compact non-
isometric shapes in the same spectra. Global Point Signature
(GPS) [28] addresses the issue by integrating the eigenvalues
and eigenvectors of each vertex over the entire shape but
leaves the problem of sign correction to the eigenfunctions.
Heat Kernel Signature (HKS) [32] devises an exponentially-
weighted combination of the LBO eigenfunctions based on
the Laplacian eigenbasis to alleviate the problem, meanwhile
brings in the merits of invariant to isometric transformations
and robust to small perturbations. Moreover, an extended ver-
sion of HKS, Scale-Invariant Heat Kernel Signature (SIHKS)
is proposed to guarantee the invariance for multiple shape
scales, which is defined on a logarithmically sampled scale-
space based on the Fourier transforms magnitude [6]. From
the perspective of Fourier Transform, HKS is dominated by
features related to low frequencies, while WKS [1] attempts
to capture the local structure around the neighborhood, so as
to learn high-frequency features with more fine-grained details
of the non-rigid 3D shapes. Inspired by quantum mechanics,
with certain energy distribution, WKS indicates the average
probability to locate a particle at the surface. However, most of
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the existing 3D shape descriptors employ one individual shape
signature only, lacking diverse information contained from
the combinations, especially for those signatures involving
different aspects of characteristics.

B. Multimodal Feature Learning

Multi-modality feature learning has been widely used in
heterogeneous data integration and multiple data selection.
Since different representations of the same data source give
rise to different kernel functions, Multiple Kernel Learning
(MKL) [14], [31] assembles the different kernels toward a
specific application efficiently. Several variants of MKL are
proposed and a survey [12] investigates their performance in
computer vision tasks. However, MKL series methods train
the weights for each type of feature and assign all the features
from the same type to be the same, which makes the method
error-prone dealing with combining multiple types of features.

Sparse Multimodal Learning (SMML) [33] addresses the
issue by assigning different importances for different features.
The heterogeneous features from the same data source are in-
tegrated by structured sparsity regularizations to learn a sparse
weight matrix, which attempts to explore both individual and
group-wise correlations of each feature for different classes
for feature selection.

III. THE PROPOSED METHOD

A. Theoretical Preliminaries

In this section, Riemannian manifold [3], [15] and Laplace-
Beltrami Operator [10], [26] are introduced briefly, which are
the theoretical preliminaries of the proposed method.

1) Riemannian Manifold: A Riemannian manifold (M; g) is
a smooth manifold M endowed with a Riemannian metric
g. If M is N -dimensional differentiable, the tangent space
Tx(M) consists of all possible tangent vectors at point x
on the manifold, and the tangent bundle T (M) combines
all the tangent spaces, which is T (M) =

S
x2M Tx(M).

The positive-definite inner product gx = h�; �ix : Tx(M) �
Tx(M)! R is defined on the tangent space for each x 2M,
and the family of smoothly varying gx on T (M) is denoted
as the Riemannian metric g. Note that since gx is a bilinear
form on Tx(M), it is an element of Tx(M)�Tx(M). To say
that g varies smoothly just means that g is a smooth section
of the bundle T (M).

Equipped with the manifoldM and the Riemannian metric
g, a variety of geometric notions on the manifold can be
defined, such as the curvature, the angle between two curves,
the gradients, and the length of a curve. 3D shapes can be
represented by triangle meshes, and the triangle meshes can
be defined on manifold as M = (V;E) or M = (V; F ),
where V = fv1; v2; :::; vng is a set of vertices sampled from a
two-dimensional Riemannian manifold , E = fe1; e2; :::; ekg,
ei 2 V �V is a set of edges connecting adjacent vertices, and
F = ff1; f2; :::; fmg , fi 2 V � V � V is a set of triangles
constructing the triangle meshes.

2) Laplace-Beltrami Operator: To measure the variation on
Riemannian manifolds, the LaplaceBeltrami operator (LBO)
is defined as the divergence of the gradient on M, which is
a second-order differential operator. Given a smooth and real-
valued function f :M! R defined on M, LBO is,

4f = div(5f); (1)

where div is the divergence operator, and 5f is the gradient
of f . 4f measures the difference between 4f and its aver-
age value in a small neighborhood, which helps to analyze
geometry information on the manifold.

According to the Hodge Theorem for Functions [27], for
a compact connected oriented Riemannian manifoldM, there
exists an orthonormal basis consisting of eigenfunctions of the
Laplacian,

4�i = �i�i; �i 2 R: (2)

where the eigenvalues �i 2 R are non-negative discrete set 0 �
�1 � �2 � � � � � +1, and their corresponding eigenfunctions
�i :M! R are often viewed as real functions whose domain
is the set of vertices, which can be devised as a smoothest
orthonormal eigenbasis, satisfying:

h�i; �ji =

Z
M
�i(x)�j(x)dx =

�
0; if i 6= j;
1; if i = j:

(3)

LBO has been successfully used in various computer graph-
ics applications, such as shape analysis, synthesis, and corre-
spondence. More detailed discussion about the properties of
LBO can be found in [23], [34].

B. Structured Sparsity Regularized Multi-Modality
Method (SSR-MM) for Learning Non-rigid 3D Shapes

1) Multi-modality Data Integration: To learn non-rigid 3D
shape representation, the shapes are modeled as a Riemannian
manifold. However, the underlying manifold is usually un-
known, thus the heat conduction properties are used as the fea-
tures to describe shapes. Heat Kernel Signature (HKS) is one
of the shape descriptors with heat conduction property, which
is derived from the heat diffusion on a compact Riemannian
manifold possibly with boundaries. Take a two-dimensional
manifold M as an example, the heat diffusion process on the
shape is governed by the heat equation,�

@

@t
+ �y

�
k(t; x; y) = 0; (4)

where �y denotes the positive semi-definite LBO on M, and
for any function f(�) 2M, it satisfies,

lim
t!0

Z
M
k(t; x; y)f(y)dy = f(x): (5)

Let �i be an orthonormal basis of M satisfying 4�i =
�i�i. With equality onM in the variable y by fixing t and x,
we have,

k(t; x; �) =
X

fi(t; x)�i(�): (6)
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Therefore, fi(t; x) =
R
M k(t; x; y)�i(y)dy. According to (4)

and (6), the derivative of fi(t; x) with respect to time t is,

@

@t
fi(t; x) =

@

@t

Z
M
k(t; x; y)�i(y)dy

= �
Z
M

�yk(t; x; y) � �i(y)dy

= �
Z
M
k(t; x; y)�y�i(y)dy

= ��i
Z
M
k(t; x; y)�i(y)dy

= ��ifi(t; x)

(7)

and the solution of (7) is,

fi(t; x) = !i(x)e��it: (8)

Suppose an arbitrary function f(�) 2 M is f =
P
ai�i, by

substituting (6) and (8) into (5), we have,

f(x) = lim
t!0

Z
M
k(t; x; y)f(y)dy

= lim
t!0

Z
M

X
i

e��it!i(x)�i(y)
X
j

aj�j(y)dy

= lim
t!0

X
i

e��it!i(x)ai

=
X
i

!i(x)ai;

(9)

which implies !i(x) = �i(x). Thus the heat kernel k(t; x; y)
can be expressed as,

k(t; x; y) =
X
i

e��it�i(x)�i(y); (10)

on M in the y variable for fixed t and x. As a result, there
exists a sequence k !1 such that,

1X
k=0

e��it�i(x)�i(y)! k(t; x; y); (11)

pointwise for any t, x, and almost all y. The heat kernel can
be considered as the amount of heat transferred from x to y
in time t by given a unit source at x. By setting y = x, the
Heat Kernel Signature (HKS) is formed as,

h(x; t) = k(t; x; x) =
1X
i=0

e��it�i(x)2; (12)

which represents the amount of heat remaining at point x
after time t. The HKS descriptor at point x is obtained by
concatenating the solutions of different times ft1; t2; � � � ; tng,

HKS(x) = (h(x; t1); h(x; t2); � � � ; h(x; tn))
>
: (13)

as a discrete analogue of the heat equation.
HKS plays a fundamental role in geometric modeling and

shape analysis, the heat kernel is the isometric invariant of
the Riemannian metric, making it effective to analyze shapes

undergoing isometric deformations, especially for matching
non-rigid 3D shapes. Besides, there are a couple of merits
of HKS, such as informativeness, stability against noise, and
multi-scale representations. The informativeness indicates that
HKS fully characterizes shapes up to isometry by including all
the information of intrinsic geometry of the shape. Moreover,
as a multi-scale signature, it represents the local structure
of the surface around point x within a small amount of t,
while it reflects the global properties of the surface within a
large amount of t [32]. However, HKS is sensitive to scales,
resulting in scale-invariant HKS (SIHKS) to be adopted.

Suppose there is a 3D shapeM and its scaled versionM0 =
�M, the eigen decomposition of shapeM0 satisfies �0 = �2�
and �0 = ��. According to (13), HKS of the scaled version
M0 is,

h0(x; t) =
1X
i=0

e��
2�it�2�i(x)2 = �2k(x; �2t): (14)

in which the influence of scale factor � should be removed to
achieve the scale-invariance. Firstly, by rewriting time t as �� ,
we have k� = k(x; �� ). According to (14), scaling the shape
by � leads to amplitude changing by �2 and time-shifting by
s = 2 log� �, then k0� = �2k�+s. By imposing logarithm on
both sides, we get,

log(k0� ) = 2 log�+ log(k�+s): (15)

Taking the discrete derivative with respect to � , the constant
�2 can be removed,

_h
0

� = _h�+s: (16)

Moreover, taking the Fourier transform of (16), we get,

H 0(!) = H(!)ej!s ! 2 [0; 2�] ; (17)

where H 0 and H are the discrete-time Fourier transform of _h
and _h0, respectively. Taking the absolute value of H(!) and
sampling jH(!)j with p frequencies f!1; !2; � � � ; !pg, SIHKS
descriptor is formed as,

SIHKS(x) = (jH(!1)j ; jH(!2)j ; � � � ; jH(!p)j)>: (18)

which is invariant to the scale [6].
With the perspective of graph Fourier, HKS [32] and

SIHKS [6] are more sensitive to low-frequency components,
which contain fine-grained details of the 3D shapes. To capture
the overall information across the whole shape, both local and
global features are seminal. As a result, Wave Kernel Signature
(WKS) [2] is introduced to learn high-frequency information,
by utilizing the Schrödinger equation governing the evolution
of a quantum particle on the surface,

(
@

@t
+ i�) (x; t) = 0; (19)

where  (x; t) is the wave function of the particle. Although
the formula looks similar to the heat equation, heat diffusion
is a process of dissipation, while the quantum particle follows
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Fig. 3. Visualization of the weight matrix W: suppose there are c
classes and k modalities, G1-norm focuses on the group-wise weights
for a specific type of features within each class, and L21-norm em-
phasizes individual weights cross multiple classes. Combining these
two regularizes, discriminative views, and important features in non-
discriminative views obtain significant weights.

a process of oscillations for its unknown positions on the
surface. The solution to (19) can be expressed as,

 E(x; t) =
1X
i=0

eiEkt�k(x)fE(�k); (20)

where E is the approximate measurement of the energy at
time t = 0, and fE is the energy distribution. Suppose the
probability of the particle locating at point x is j E(x; t)j2, the
average probability during the time T under a certain energy
distribution fE is,

w(x) = lim
T!1

1

T

Z T

0

j E(x; t)j2 =

1X
k=0

�k(x)2fE(Ek)2

(21)
where the second equality is obtained in terms of the orthog-
onal property of the functions eiEkt, and fE(�)2 is the energy
probability distribution with expectation value E. This average
probability w(x) is defined as WKS and a discrete sequence
of WKS are obtained by fixing a family of energy distributions�
fe1

; fe2
; � � � ; feq

	
as,

WKS(x) = (we1
(x); we2

(x); � � � ; weq
(x))>: (22)

Thus far, both global and local shape descriptors are ac-
quired. Since each shape descriptor consists of thousands of
vertices, a compact averaged shape signature Cf is computed
all over the shape descriptors of each mesh by following
the technique used in [9], as shown in Fig. 2. Moreover, it
is often ambiguous to determine the best descriptor under a
certain circumstance, since different shape descriptors include
diverse and partly independent information. Cf are further
set as the combinations of those averaged descriptors and a
multi-modality learning approach is utilized to integrate the
heterogeneous signatures Cf .

2) Multimodal Feature Learning: To make the shape signa-
tures Cf more distinguishable, a mapping W is needed to
project the signatures to a higher dimensional feature space,
where the signatures of the same category are clustered closer,
and different ones are dispersed farther, as shown in the
multimodal feature learning module of Fig. 2.

Suppose there are n training 3D shapes f(xi; yi)gni=1, where
xi = (x1

i ; � � � ; xki )> 2 Rd is the input data including all

the features from k different modalities, yi 2 Rc is the
corresponding label of c different classes. Each modality j
corresponds to a feature dj , where d =

Pk
j=1 dj . Let input

data X = [x1; � � � ; xn] 2 Rd�n, label Y = [y1; � � � ; yn] 2
Rc�n, we can define a weight matrix W =

h
wj
i

i
, where

each element wj
i 2 Rdj denotes the contribution of all the

features from jth modality with respect to ith class. Then we
have W>X = Y , which can be written as,

264w1
1 � � � wk

1
...

. . .
...

w1
c � � � wk

c

375
c�d

264x
1
1 � � � x1

n
...

. . .
...

xk1 � � � xkn

375
d�n

= [y1 � � � yn]c�n :

(23)
To find an optimal mapping W for the shape signatures

Cf , Sparse Multi-modal Learning (SMML) [33] is employed
to integrate the multiple data. SMML selects discriminative
features and leverages them by utilizing the Structured Sparsity
Regularizations (SSR) to endow different importance for each
data source. The general regularized objective function is
expressed as,

min
W

Q(W) = min
W

L(X;W) + 
R(W); (24)

where L(X;W) is the loss function L(X;W) =

W>X � Y


2

2
, 
 is the regularization parameter, and R(W)

is the regularization term devised to distinguish different 3D
shapes from multi-modality data, which is,

R(W) = kWkG1
=

cX
i=1

kX
j=1




wj
i





2
: (25)

The regularization term imposes sparsity and captures the
global relationship between modalities by using G1-norm. The
weights of less discriminative features have very small values,
while those of more discriminative features get larger values.
In this way, the regularization term enhances the weights of
features with more relevant modalities and suppresses those
with less relevance. Besides, for certain categories, although
most features from one modality are less discriminative, the
significance of a few features remains high, and these features
should be shared by all categories [21]. Thus, an additional
L21-norm kWk2;1 =

Pd
i=1



wi


2

is added to (24) to ensure
this, which is,

min
W

Q(W) = min
W

L(X;W) + 
1 kWkG1
+ 
2 kWk2;1 :

(26)
L21-norm enforces sparsity between all features and non-
sparsity between different classes, the larger weights to the
discriminative features are assigned across the classes. The
visualization and interpretation of the weight matrix is shown
in Fig. 3 and the complete form of the objective function is,
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min
W

Q(W) = min
W



W>X � Y


2

2
+ 
1

cX
i=1

kX
j=1




Wj
i





2

+ 
2

dX
i=1



wi




2
:

(27)
3) Optimization and Convergence Analysis: To optimize the

non-smooth regularizers in the objective function (27), an
efficient algorithm is utilized to address the non-smooth prob-
lem [33]. Firstly, the value of W in (27) is equivalent to the
following form,

W = arg min
W

L(X;W)+
1

cX
i=1

Di


wi



2

2
+
2tr(W> ~DW):

(28)
where D is a block diagonal matrix,

D =

0B@d1

. . .
dc

1CA ; (29)

with the jth (1 � j � c) diagonal element dj = 1

2kwj
ik2

Ij .

Similarly, ~D is a diagonal matrix,

~D =

0B@
~d1

. . .
~dc

1CA (30)

with the ith (1 � j � c) diagonal element ~di = 1
2kwik2

. By
taking the derivatives of (28) with respect to W, we get,

@L(X;W)

@W
+ 2
1

cX
i=1

Diwi + 2
2DW = 0; (31)

which is equivalent as,

XX>W �XY > + 
1DW + 
2
~DW = 0: (32)

Finally, W can be obtained as,

W = (XX> + 
1D + 
2
~D)�1XY >: (33)

Note that D and ~D are both unknown variables and dependent
on W. An iterative algorithm is utilized to find the optimal
W, as summarized in Algorithm 1.
It can be proved that Algorithm 1 decreases the objective value
of (28) by iterations, and the detailed proof can be found in
Appendix I.

IV. EXPERIMENTS AND DISCUSSION

A. Experimental Setup
1) Dataset: The experiments of the proposed SSR-MM

method are conducted on the SHREC’14 Human model
database, which consists of two types of 3D human models,
real models and synthetic models. The real model dataset
is made up of scanned data from real human participants,

Algorithm 1 : W optimization
Input: X = [x1; � � � ; xn] 2 Rd�n, Y = [y1; � � � ; yn] 2
Rc�n.
Output: W.
1. Let t=1. Initialize Wt 2 Rd�c .
2. While not converges do
3. Calculate the block diagonal matrix ~Di

t+1 according
to (29), where the jth diagonal element is 1

2k(wt)j
ik2

Ij ;

Calculate the block diagonal matrix ~Dt+1 according to (30),
where the ith diagonal element is 1

2kwi
tk2

.

4. According to (33), for each wi(1 � i � c), wi
t+1 =

(XX> + 
1Di
t+1 + 
2

~Dt+1)�1XY >.
5. t = t+ 1.
6. End while
Return Wt 2 Rd�c.

 

Fig. 4. SHREC’14 3D human models synthetic dataset.

containing 400 shapes subdivided into 40 human subjects
with each subject consisting of 10 distinct poses. The syn-
thetic dataset is built by DAZ studio, which includes 300
human models from 15 classes with each class containing 20
members. As shown in Fig. 4, the man, woman, and child
models from the synthetic dataset are classified into different
categories. This is the major challenge from the non-rigid 3D
shapes, the categories are not naturally separated by different
objects.

2) Evaluation Metrics: To evaluate the proposed method,
the same evaluation metrics from [22] are utilized. The dis-
similarity between every two models is computed firstly to
form a distance matrix, with the element (i; j) indicating the
computed distance between models i and j. Then five quan-
titative measurements are employed to evaluate the retrieval
performance of the proposed method by following [30].

1) The Precision-Recall curve represents the relationship
between precision and recall, where precision (P ) de-
picts the percentage of correctly retrieved models, and
recall (R) indicates the percentage of retrieved relevant
models.

2) The First-tier (FT) and Second-tier (ST) are the percent-
ages of 3D models belonging to the query’s group that
appear in the first L matches, L relies on the scale of
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TABLE I
COMPARISON OF RETRIEVAL RESULTS ON SHREC’14 3D HUMAN MODEL DATASETS.

Dataset Methods Shape Signature FT(%) ST(%) NN(%) E(%) DCG(%)
WKS 23.25 38.81 32.00 24.00 51.38
HKS 61.33 81.19 72.00 40.90 81.13

SHREC’14 SIHKS 50.11 69.36 74.25 36.70 76.19
Baseline WKS+HKS 52.44 72.00 64.00 37.39 75.15

Real WKS+SIHKS 44.17 63.00 52.00 34.30 67.90
WKS+HKS+SIHKS 54.15 74.17 64.75 38.68 76.65

Dataset WKS+HKS 82.67 96.31 93.75 43.40 95.14
SSR-MM WKS+SIHKS 83.89 95.56 93.50 43.39 95.06

WKS+HKS+SIHKS 93.83 99.03 99.00 43.77 98.96
WKS 73.53 94.35 94.33 66.16 93.56
HKS 63.86 95.19 83.00 64.17 87.55

SHREC’14 SIHKS 71.05 90.33 84.67 63.29 91.21
Baseline WKS+HKS 76.09 98.58 91.00 68.46 94.59

Synthetic WKS+SIHKS 77.26 96.16 90.33 67.11 94.58
WKS+HKS+SIHKS 76.65 97.75 89.33 67.45 94.74

Dataset WKS+HKS 93.01 99.34 100 73.4 99.21
SSR-MM WKS+SIHKS 95.24 99.73 99.93 73.98 99.50

WKS+HKS+SIHKS 96.82 99.76 99.93 74.13 99.68

 

Fig. 5. Precision-Recall comparison on the SHREC’14 real dataset (left) and Synthetic dataset (right).

the query’s group. Given a query’s class with M models,
L = M � 1 for FT, and L = 2(M � 1) for ST.

3) The Nearest Neighbor (NN) denotes the percentage of
the closest matchings that remain with the same class as
the query.

4) The E-measure (E) is a composite measure of precision
(P ) and recall (R), which is defined as E = 2

P�1+R�1 .
Higher values indicate better retrieval results.

5) The Discounted Cumulative Gain (DCG) is a measure
of ranking quality reflecting the “gain” of the method
based on its position in the result list, and DCG applies
a discount factor to the relevance scores to devaluate
late-retrieved gain [16].

Besides, the LBO for each model in the selected dataset
is computed and its bases are truncated to the first 100
eigenfunctions in the experiment. The above-mentioned point
descriptors HKS, SIHKS, and WKS are calculated and the
dimensions are set as 56, 50, and 100, respectively. The dataset
is split as 40% for training, 60% for testing, and 25% of the

training data for validation. The validation set is used to search
the optimal hyper-parameters for 
1 and 
2 in (31), which
are in the range of

�
10�6; 10�5; 10�4; 10�3; 10�2; 10�1

	
by

following the same configurations in [9] for fair comparisons.
All the experiments are conducted on a Dell workstation with
an Intel (R) Xeon (R) CPU (3.00GHz), 64GB RAM and one
NVIDIA GPU with GeForce GTX 1080.

B. Experimental Results and Analysis

The proposed SSR-MM is compared with baselines on
the SHREC’14 dataset of real models and synthetic mod-
els, respectively, as shown in Table I. According to the
experiments, simply stacking shape signatures doesn’t always
improve retrieval performance. The descriptor combinations
of WKS+HKS, WKS+SIHKS, and WKS+HKS+SIHKS some-
times get inferior results than that of individual descriptors
WKS, HKS, and SIHKS in baselines. However, when the
stacked descriptors are leveraged by the proposed SSR-MM
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Fig. 6. Visualization of the shape signatures clustering before and after learning. The top row are 40 classes (different colors) from the SHREC’14
real dataset, and the bottom row shows 15 classes from the SHREC’14 Synthetic dataset. The proposed SSR-MM method clusters the shape
signatures of the same category together and disperses the different ones apart.

TABLE II
COMPARISON OF RETRIEVAL METHODS IN TERMS OF MEAN AVERAGE

PRECISION (MAP) ON SHREC’14 3D HUMAN MODELS DATASETS.

Methods Synthetic (%) Real (%)
ShapeGoogle (VQ) [4] 81.30 51.40
Unsupervised DL [18] 84.20 52.30
Supervised DL [18] 95.40 79.10
RMVM [11] 96.30 79.50
R-BiHDM-s [36] 64.20 64.00
CSD+LMNN [9] 99.67 97.92
SVM* 96.52 94.63
SSR-MM* 99.94 98.30
*The input shape signature is WKS+HKS+SIHKS.

method, the retrieval results surpass all the baselines by all
metrics with a big margin on the very challenging SHREC’14
dataset. Among all the combinations, WKS+HKS+SIHKS
obtains the best result on both real models and synthetic
models. The performance of the proposed SSR-MM method

confirms its capability to take advantage of additional diverse
information in the stacked descriptors. Moreover, Fig. 5 il-
lustrates the precision-recall curves of all methods on the
two datasets, from which we can see that the proposed SSR-
MM method (in red dashed line) outperforms all the baselines
significantly. Particularly, the SHREC’14 3D Human dataset
of real models is more challenging than that of the synthetic
ones, please refer to the performance drop of the baselines
between the synthetic models and the real ones. However, the
proposed SSR-MM remains competitive on both datasets.

Table II shows the comparison of retrieval results of the
proposed SSR-MM with the state-of-the-art methods, with
the mean average precision (MAP) reported over five runs.
SSR-MM achieves the best result comparing with the recent
learning approaches. Especially, comparing SVM with the
same input signature WKS+HSK+SIHKS, SSR-MM achieves
an apparent better performance, which demonstrates that SSR-
MM is good at exploring the efficient information contained
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TABLE III
ABLATION STUDIES OF OUR PROPOSED SSR-MM BY USING

WKS+HKS+SIHKS AS INPUT SHAPE SIGNATURE.

Dataset Methods FT(%) ST(%) NN(%) E(%) DCG(%)
Baseline 54.15 74.17 64.75 38.68 76.65

SHREC’14 loss 81.56 90.83 98.25 41.46 94.79
Real G1-norm 91.97 98.25 98.75 43.48 98.36

Dataset L21-norm 90.00 98.03 98.25 43.59 97.71
SSR-MM 93.83 99.03 99.00 43.77 98.96
Baseline 76.65 97.75 89.33 67.45 94.74

SHREC’14 loss 89.98 92.91 97.33 68.81 96.79
Synthetic G1-norm 96.93 99.68 100 74.10 98.71
Dataset L21-norm 96.46 99.49 99.67 74.00 99.58

SSR-MM 96.82 99.76 99.93 74.13 99.68

in multiple modalities.
To illustrate the effect of mapping W , Fig. 6 visualizes

the clustering of the shape signatures, where the left column
describes the signature distribution before learning, and the
right column depicts the distribution after learning. The top
row are 40 classes from the SHREC’14 real dataset, with
each dot representing one model and one color corresponding
to one category. The bottom row shows 15 classes from the
SHREC’14 Synthetic dataset. The proposed SSR-MM method
clusters the shape signatures of the same category together,
and disperses the different ones apart. Especially for the very
challenging dataset of real models, different categories are still
well separated.

C. Ablation Study
To study the effect of our proposed objective function (28),

which consists of the logistic regression loss, the G1-norm,
and the L21-norm, an ablation study is conducted by separating
each part. From Table III, we can see that the regularizes of
G1-norm and L21-norm boost retrieval performance strikingly
compared with the baselines of simply stacking signatures
WKS+HKS+SIHKS. By combining both two regularization
terms, further improvement is still obtained, which approves
the necessity of both G1-norm and L21-norm in the proposed
SSR-MM method.

V. CONCLUSION

In this work, we propose a novel design of Structured
Sparsity Regularized Multi-Modality Method (SSR-MM) for
non-rigid 3D shape retrieval. The point descriptors based
on Laplace-Beltrami operator for capturing the deformation-
invariant shape features are computed firstly, then the global
shape signatures are constructed by a weighted average over
a given shape. The multi-modality learning approach obtains
a mapping for the discriminative features via joint Structured
Sparsity Regularizations method for effective retrieval. Com-
pared to state-of-the-arts, SSR-MM achieves a competitive
performance and the experimental results demonstrate that the
proposed SSR-MM is able to seek and select informative and
effective features of non-rigid 3D shapes.

APPENDIX I
In Algorithm 1, the value of the objective function in (27) is

monotonically decreased in each iteration, the detailed proof
is summarized as below.

Proof: According to (27), in each iteration t, we have,

Wt+1 = arg min
W

L(X;Wt)+
1

cX
i=1

Di


wi

t



2

2
+
2tr(W>

t
~DWt):

(34)
In terms of Step 3 and 4 in Algorithm 1, we have,

L(X;Wt+1) + 
1
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(wi
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2

2
+ 
2tr(W>

t+1
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i=1

Di


(wi
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Substituting D and ~D by definitions, we get:
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(36)
For any vector A and B (A 6= B), we have (kAk2 �

kBk2)2 � 0, and the inequality can be expanded as,

kAk2
2 + kBk2

2 � 2 kAk2 kBk2 � 0

) 2 kAk2 kBk2 � kAk
2
2 � kBk

2
2

) 2 kAk2 kBk2 � kAk
2
2 � 2 kBk2

2 � kBk
2
2 :

(37)

Divide both sides by 2 kBk2, we have the inequality:

kAk2 �
kAk2

2

2 kBk2

� kBk2 �
kBk2

2

2 kBk2

: (38)

According to the inequality (38), by endowing kAk2 =Pc
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and by assigning kAk2 =
Pd
i=1
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, and kBk2 =
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2
, we have,
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By taking (36) + 
1� (39) + 
2� (40) on both sides, finally
we get,
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which means Q(Wt+1) � Q(Wt). The algorithm is proved
to converge to the global optimum solution.
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